presented a stability criterion for a supply chain model in continuous time. In this short technical note we show this solution is in error and provide the correct stability criterion. The results are substantiated by deriving the correct criterion from with several independent theoretical analyses and validating the solution via numerical simulation. The weight of evidence suggests that the new derivations lead to correct predictions of the stability boundary for this important and widely used supply chain model.
Introduction
In a recent paper in this journal Riddalls and Bennett (2002) conducted a continuous time analysis of a supply chain ordering decision. This ordering decision is known as the APIOBPCS (Automatic Pipeline, Inventory and Order Based Production Control System) model, John, Naim and Towill (1994) . Naim and Towill (1995) and Riddalls and Bennett (2002) showed that the APIOPBCS model is identical to the anchoring and adjustment heuristic that Sterman (1989) showed matched players behaviour whilst participating in the Beer Game, a table-top simulation of a supply chain. The APIOPBCS model has also been widely used in industry. For example is actively used to control the flow of over 6000 products in a real company with a fictitious name (WMC) as reported by Lewis et al (1995) . Furthermore variants of the APIOBPCS model are also an integral part of commercial production control software packages, Olsmats, Edghill and Towill (1988) . The important contribution of Riddalls and Bennett (2002) was to re-cast the APIOBPCS model into a Smith Predictor and use Bellman and Cooke's (1963) theorem to obtain the stability criteria of the APIOBPCS model when the production/ distribution delay was a pure time delay. Upon investigation we found Riddalls and Bennett's (hereafter referred to as R&B2002) contribution to be in error, and this paper details our reasoning and corrects the situation.
The structure of our note is as follows. Section 2 defines the APIOBPCS model, and provides an overview of the stability details. Section 3 details some simulation results that uncovered the discrepancy with R&B2002. Section 4 corrects the R&B2002 derivation of the stability criteria from Bellman and Cooke's theorem. Sections 5, 6 and 7 confirm the result with other analytical approaches including an exact solution to the characteristic equation in terms of the Lambert W function, the Nyquist stability criterion and the Routh Hurwitz array. Section 8 presents a summary of numerical and graphical results, whilst Section 9 concludes this note.
The APIOBPCS ordering decision
The APIOBPCS ordering decision is typically represented as a block diagram in the Laplace domain as shown by Figure 1 , John, Naim and Towill (1994) . R&B2002 made some slight modifications to the APIOBPCS model. Whereas, Figure 1 uses exponential smoothing as a forecasting mechanism in the ordering policy, R&B2002 employed a moving average forecasting mechanism. However, it is well known that feed-forward loops in a block diagram do not affect the stability of a system, so this difference will not have any impact on our comparative study. This can also be verified by a differential equation approach where the demand forecasting mechanism contributes only inhomogeneous terms to the differential equations. Hence the divergence of the solution (i.e., the instability) is solely due to the homogeneous terms, and so the stability is independent of the form of the demand forecasting mechanism.
R&B2002 use a slightly different notation for the gains in the two feedback loops, but this is directly translated into our notation by the following relationships: . Furthermore, they also use for the delay, h=Tp and the term ORATE corresponds to p(t) in the time domain. The important fact is that from a stability point of view this model is exactly the same as the R&B2002 model.
Figure 1. Block diagram of the APIOBPCS ordering decision
Note that when   Tw then the policy is referred to as the IOBPCS model (Towill, 1982) . IOBPCS is shorthand for Inventory and Order Based Production Control System.
Simulation based verification of R&B2002's stability criteria
R&B2002 present the following relationship (Eq 1) that describes the maximum leadtime, h*, for which the system is stable given values for  and  where
They also state that the APIOPBCS model is stable Independent of the Delay (IoD) if;
If equations (1) and (2) provide the stability boundary, then they should determine the maximum pure time delay (h*, Tp) for which the system is stable given particular values of Ti and Tw. We had developed a Matlab simulation of the system and our investigation showed that the system was not critically stable on the boundary as defined above. It appears that the above criteria consistently under estimate the actual boundary. Table 1 summarizes some simulation results, and shows that on the average equations (1) and (2) underestimate h*, (or Tp) by 25% for this particular sample. We do note however, that for the special case of Tw=  , (i.e. the IOPBCS design) the equations do provide the correct criteria.
The correct stability criterion via the Bellman and Cooke's theorem
Equation (10) of R&B2002 is:
From here the standard approach is to derive the characteristic equation by assuming a solution of the form st p Ae  , which gives:
The solution is thus stable when s < 0. The stability of the roots of this equation are given by Theorem 13.8 of Bellman & Cooke (1963) : 
We can now apply the Bellman & Cooke theorem to equation (5).
The first part of the inequality is: p<q  , which gives:
Therefore, the values of p and q in equation (6) 
Dividing by p, squaring, re-arranging and taking the square root of both sides yields the following:
Substituting for p and q gives:
Squaring the Bellman & Cooke condition and substituting for p and q gives: 
For ease of comparison R&B2002's incorrect stability criteria (equation (14)) is plotted in Figure 2 . There also appears to be some confusion about the stable IoD criteria that has been incorporated into Figure 5 of R&B2002. The correct formula (our equation (13)) is also shown in Figure 2 and it agrees with all of the other results presented in this paper (except the Padé approximation).
An exact solution to the characteristic equation
We now present the first of our methods of validating equation (13). It is not generally realized that one can solve equation (4) 
Again, the system is stable when the real part of s < 0 (Corless et al, 1996) which from (17) is:
1 We note that in equation (13) 
We emphasize that equation (18) is an exact solution to the stability problem defined by the characteristic equation. The predictions of Equation (18) 
Stability of APIOPBCS via Padé approximation and the Routh Hurwitz array
In order to gain a better understanding of the general stability criteria in continuous time we have replaced the pure time delay for a second order Padé approximation and found the following stability boundary as detailed in Appendix C. 
 
Comparison of our second order Padé approximation stability criterion to the true time delay results obtained via simulation and is also shown in Table 2 (when   Tw ). Eq 21 over-estimates the stability boundary, but the match is close for low values of  . For interest we have plotted R&B2002 stability criterion and compared it to the correct version in Figure 2 below. 
Numerical results

Settings
Conclusion
After an investigation of the continuous time APIOBPCS stability boundary with a simulation approach, we found discrepancies with the R&B2002 stability criterion. This led us to rectify their analysis, which now agrees exactly with our simulation results. Furthermore, we have independently verified the corrected criterion by exactly solving the characteristic equation for stability in terms of the Lambert W Function. The Tw  limit agrees with the Nyquist stability criterion. As should be expected, these results are also broadly in agreement with a second order Padé approximation.
Appendix A. Stability of IOBPCS via the Nyquist criteria
The characteristic equation of IOBPCS with a pure time delay is given by; 
Tis
Appendix B. Stability of APIOPBCS by the Lambert W Function
The characteristic equation determining the stability of the policy with a pure time delay in continuous time is obtained from the solution to the differential equations.
The following outlines the approach. The inventory is depleted by the demand, d(t), (here assumed to be a step function) and increased by the receipts r(t), which are the orders, o(t), (p(t) in Eq 13) just time delayed by the lead-time.
dns( t ) r(t) d(t) o(t Tp
The APIOPBCS ordering policy can be written as: Unfortunately, Eq (B4) is very difficult to manipulate algebraically, and we have to resort to numerical and/or graphical techniques to obtain the stability boundary, explicitly in terms of Ti, Tw or Tp. Never-the-less, the expression is analytically exact, and precisely verifies the results in Table 1 .
Appendix C. Stability of APIOPBCS via a second order Padé approximation
The characteristic equation determining the stability of APIOBPCS in continuous time is obtained from the loop equation (Eq C1) for the OUT policy that yields the relationship shown in C2;
If P, the production delay, is an exponential lag then equation B2 is difficult to solve via customary methods of investigating stability in the frequency domain. In this approach we shall exploit the representation of P by the second order Padé approximation, Truxal (1995, p550) . Therefore, in Eq B2 will lead to a rational polynomial in "s" that can be tackled using traditional methods. After substitution we obtain the following characteristic equation for stability testing. and we know, from the Routh Hurwitz array, Disney and Towill (2002) , that for stability 
